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A zero-range approach to atom-molecule coupling is developed in analogy to the Fermi-Huang
pseudo-potential treatment of atom-atom interactions. It is shown by explicit comparison to an
exactly-solvable finite-range model that replacing the molecular bound-state wavefunction with a
regularized delta-function can reproduce the exact scattering amplitude in the long-wavelength limit.
Using this approach we find an analytical solution to the two-channel Feshbach resonance problem
for two atoms in a spherical harmonic trap.
PACS numbers: 03.75-Nt,03.75.Ss,34.10.+x
Coupling between atoms and molecules in quantum-
degenerate gases is an ever-present aspect of ultracold
atomic physics. Feshbach resonances (FR) [1] are now
routinely used for control over atomic interactions [2]
and the formation of molecular Bose-Einstein conden-
sates [3, 4, 5, 6]. Laser-induced photoassociation (PA) is
also widely employed [7, 8], having the advantage of con-
trol over the coupling strength [9]. While a zero-range
approach to atom-atom collisions has long been a cor-
nerstone of BEC theory, an analog to the Fermi-Huang
pseudo-potential approach [10] has yet to be formulated
to treat multichannel free-bound coupling in ultra-cold
atomic gases.
In the long-wavelength limit, the energy-dependence
of the scattering phase-shift for atomic collisions takes
a universal form, with all information about the details
of the interaction potential contained in a single param-
eter, the scattering length. As a result, the full inter-
action potential can be replaced by a regularized delta-
function pseudo-potential, which yields the correct scat-
tering amplitude up to a third-order correction in the
ratio of the effective range to the incident wavelength. In
this Letter we formulate an analogous approach to atom-
molecule coupling, by replacing the bound-state wave-
function with the zero-range object which correctly re-
produces the long-wavelength scattering amplitude. The
resulting model contains no divergences and does not re-
quire a momentum cut-off. It is likely that this model will
play an important role in understanding the role played
by atom-atom correlations in FR and PA physics, partic-
ularly in the strong-coupling regime, where such effects
play a dominant role.
The first zero-range model for BEC atom-molecule
coupling, proposed by Heinzen and coworkers, replaced
the bound-state wavefunction with a delta-function [11].
This approach was shown by Holland and coworkers to
contain a UV divergence when pair correlations were
taken into account [12], thus limiting its applicability.
Holland and coworkers demonstrated that this diver-
gence could be removed via a momentum cut-off and
re-normalized detuning. As we will see, this approach
fails in the presence of a background scattering length.
We begin our analysis by considering a pair of atoms
described by a relative wavefunction φj(r, t), where j =
1, 2 corresponds to an internal spin state. The eigenstates
of this system obey the Schro¨dinger equation,
Eφj(r) = − h¯
2
2µ
∇2φj(r) +
∑
k
Vjk(r, t)φk(r), (1)
where E is the energy eigenvalue, µ is the reduced
mass and Vjk(r) is the inter-atom potential. For our
model system we assume that the first channel sees a
flat potential, V11(r) = 0. The second channel sees
a spherical-well potential of depth V0 and radius w,
V22(r) = U0 − V0U(w − r), where U0 is the continuum
threshold energy and U(x) is the unit-step function. In
the absence of coupling terms, i.e. for V12(r) = 0, the
spectrum of the second channel consists of a continuum
of states above the threshold energy, U0, and a discrete
set of bound states with energies between U0 and U0−V0.
The bound-states are all of the form
ψb(r) =
{
Nb e−r/abr : r > w
Nb e−w/absin(kbw)
sin(kbr)
r : r < w
(2)
where ab and kb satisfy the equations
h¯2
2µ
[
k2b + 1/a
2
b
]
=
V0 and cot(kbw) = −1/(kbab), and Nb is determined by
normalization. The bound state energies are Eb = U0 −
h¯2/(2µa2b).
We proceed by first expanding the second channel
wavefunction, φ2(r), onto its bare eigenstates under the
simplifying assumptions that only a single bound state
is near-resonantly coupled to the first channel so that all
other states may be neglected. We assume the interac-
tion potential has the form V12(r, t) ≈ h¯2Gµ e−iωt. Taking
E = h¯2k2/(2µ) then leads to an eigenvalue problem for
a continuum coupled to a single bound state,
1
2
[
k2 +∇2]φ1(r) = Gψb(r)c (3)
1
2
[
k2 − 2∆] c = G∗ ∫ d3r ψ∗b (r)φ1(r), (4)
where c is the probability amplitude for the atom pair
to be in the bound state, and ∆ = µ
h¯2
(U0 − ω) − 12a2
b
is the detuning away from the atom-molecule resonance
2at k = 0. The coupling constant G will depend on the
details of the atom-molecule coupling scheme.
Our goal is now to solve this eigenvalue problem, under
the boundary conditions
lim
r→∞
φ1(r) =
e−ikr
r
+ f
eikr
r
(5)
lim
r→0
rφ1(r) = 0, (6)
in order to determine the scattering amplitude f = f(k).
The solution can be obtained via the ansatz
φ1(r) =
{
e−ikr
r + f
eikr
r +
2Ga2b
1+(abk)2
c ψb(r) : r > w
β sin(kr)r +
2G
k2−K2
b
c ψb(r) : r < w
.
(7)
This ansatz explicitly satisfies (3), as well as the bound-
ary conditions (5-6). Equation (4), together with the
continuity equations φ1(w
+) = φ1(w
−) and ∇φ1(w+) =
∇φ1(w−) can then be used to determine the three un-
knowns f , c, and β. These equations are linear in the
three unknowns, and can be thus solved in a straightfor-
ward manner.
The long-wavelength limit requires that 1/k be large
compared to the size of the bound-state. As the size
of the bound-state is w + ab, this is equivalent to the
limits kw ≪ 1 and kab ≪ 1. For our model potential
the condition Kb > 1/w is always satisfied, so that k/Kb
is a small parameter as well. Expanding the scattering
amplitude f(k) in terms of these small parameters then
yields
f(k) = −k
2 − 2δ − ik |χ|2pi
k2 − 2δ + ik |χ|2pi
+O[ε3], (8)
where ε ∈ {kw, kab, k/Kb}, and we have introduced the
light-shifted detuning
δ = ∆− 8pi|G|2N 2b e−2w/a
[
e2w/a
N 2bK2b
−
[
1 +
1
K2b a
2
b
]
a3b
2
+
[
1 +
1
K2b a
2
b
]2
a2b(ab + w)
]
, (9)
and the effective coupling constant
χ = 4piGNbe−w/a ab(ab + w)
[
1 +
1
K2ba
2
b
]
. (10)
The important point here is that all of the details of
the potential can be absorbed into effective detuning and
coupling constants.
We now consider a zero-range model in which the
bound-state wavefunction ψb(r) in (3) is replaced by a
regularized delta-function, Gψb(r) → χδ3(r) ∂∂r r. In ad-
dition, the detuning ∆ is replaced by the light-shifted
detuning δ and the coupling constant G is replaced by
the effective coupling constant χ. The Schro¨dinger equa-
tion for this model is given by
1
2
[
k2 +∇2]φ1(r) = χδ3(r)c (11)
1
2
[
k2 − 2δ] c = χ∗ ∫ d3r δ2(r) ∂
∂r
rφ1(r). (12)
This problem can be solved by making use of the ansazt
φ1(r) =
e−ikr
r + f
eikr
r and the identity ∇2 1r = −4piδ3(r).
The scattering amplitude is readily found to be
f(k) = −k
2 − 2δ − ik |χ|2pi
k2 − 2δ + ik |χ|2pi
, (13)
which agrees with the result (8) up to a correction
of third-order in the small parameters kw, kab, and
k/Kb. Thus the zero-range model (11-12) will reproduce
correctly the long-wavelength atom-molecule quantum-
dynamics of our model potential.
Second quantization of this model yields the Hamilto-
nian
Hˆ = − h¯
2
4m
∫
d3r
[
ψˆ†(r)∇2ψˆ(r) + 1
2
Ψˆ†(r)∇2Ψˆ(r)
]
+
h¯2χ√
2m
∫
d3Rd3r Ψˆ†(R)δ3(r)
∂
∂r
r ψˆ(R+
r
2
)ψˆ(R− r
2
)
+H.c. (14)
where ψˆ(r) is the annihilation operator for an atom of
mass m = 2µ, and Ψˆ(r) is the annihilation operator for
a molecule of mass 2m. The system of equations (11-
12) can be derived from this Hamiltonian via the 2-atom
quantum state
|Ψ〉 = 1√
2
∫
d3Rd3rΦ(R)φ(r)ψˆ†(R+
r
2
)ψˆ†(R− r
2
)|0〉
+ c
∫
d3RΦ(R)Ψˆ†(R)|0〉, (15)
where Φ(R) is an arbitrary center-of-mass wavefunction
and |0〉 is the vacuum state. The Hamiltonian (14) should
form the basis of any field-theoretical description of zero-
range atom-molecule coupling.
As an example, we now solve the problem of two
bosonic atoms in a spherical harmonic oscillator (with
frequency ωtrap) with both s-wave collisions and cou-
pling to a bound state in a second channel. With
E = h¯ωtrap(νn + 3/2), δ → h¯ωtrapδ, and using harmonic
oscillator units, the time-independent Schro¨dinger equa-
tion can be written as[
νn +
1
2∇2 − 12r2 + 32
]
φn(r) = 2pi
(
a
λ
)
δ3(r) ∂∂rr φn(r)
+pi3/4Ωδ3(r) cn (16)
[νn − δ] cn = pi3/4Ω
∫
d3r δ3(r) ∂∂rr φn(r), (17)
where n is an integer label for each quantum level (the
lowest energy level corresponding to n = 0), a is the
3background scattering length, λ is the harmonic oscillator
length of the trap, and Ω = λ2pi−3/4χ. The normalized
eigenfunctions are found to be [13]
φn(r) = − Ω
2pi3/4
Γ[− νn2 ]
β(νn,
a
λ)
cne
−r2/2U(−νn
2
,
3
2
, r2), (18)
cn =
[
1 +
Ω2
√
pi
2
Γ[− νn2 ]
Γ[− νn+12 ]
[ψ(− νn2 )− ψ(− νn+12 )]
β2(νn,
a
λ )
]−1/2
,
(19)
where β(ν, x) = 1 − 2xΓ[− ν2 ]/Γ[− ν+12 ], U(a, b, z) is
the confluent hypergeometric function and ψ(z) is the
polygamma function [14]. The eigenvalues {νn} are de-
termined by the characteristic equation
δ = νn −
Ω2
√
piΓ[− νn2 ]
Γ[− νn+12 ]β(νn, aλ)
, (20)
where there is an apparently non-trivial relation |cn|2 =
dνn/dδ. It is straightforward to show that the spectrum
of eigenvalues will agree exactly with those of a single-
channel system with the energy-dependent effective scat-
tering length
aeff (ν) = a+
λ
2
√
piΩ2
(ν − δ) , (21)
which is the familiar Feshbach Resonance result. The
only difference between the true atom-molecule eigen-
states and the equivalent single-channel states with scat-
tering length aeff , is the presence of the bare-molecule
population, |cn|2. From a series expansion of (18) the
1/r part of φn(r) is found to be − Ω2pi1/4β(νn, aλ )
cn
r . Only
for a = 0 is this term independent of νn, so that it can
be removed via a renormalized detuning [12].
On resonance we have νn = δ and |aeff | → ∞. A
careful analysis shows that this requires νn = 2n − 1
and cn 6= 0. Thus the eigenvalues are driven to odd-
integer or ’fermionized’ values, for which the regular part
of φn(r) vanishes at r = 0. Inserting this result into Eq.
(19) gives an analytic expression for the on-resonance
molecular fraction,
|cn|2 = 1
1 + αnΩ2
, (22)
where αn =
(2n)!!
(2n−1)!!pi/2. For the low lying levels we have
α0 = pi/2, α1 = pi and α2 = 4pi/3.
The energy-dependence in the effective scattering
length is critical to understanding the cross-over between
the weak-coupling and strong coupling regimes. The re-
quirement for a significant deviation from the bare-trap
spectrum is aeff/λ ∼ 1. Obtaining this condition via
Feshbach resonance requires δ = ν˜n ± √piΩ2/2. If this
width is smaller than the level spacing, only a single level
can be near-resonant for a given detuning. In this weak-
coupling regime, Ω2 ≪ 1, the spectrum consists of a series
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FIG. 1: The eigenvalue spectrum as a function of the detun-
ing for the case a = .3λ and Ω = .2, illustrating a sequence of
avoided crossings in the weak-coupling regime. The dashed
lines correspond to the uncoupled eigenvalues
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FIG. 2: The eigenvalue spectrum as a function of the detun-
ing for the case a = 0 and Ω = 10, illustrating the ’fermion-
ization’ of the low lying levels in strong-coupling regime (in
the vicinity of δ = 0). The dashed lines correspond to the
odd-integer values νn = 2n− 1.
of avoided crossings between the bare molecular level and
the uncoupled eigenstates of the ’open’ channel. At each
avoided crossing there will be strong mixing between a
single trap level and the molecular state. Sweeping the
detuning can select which trap level is resonantly cou-
pled to the molecular state. This is illustrated in Figure
1, where we have plotted the eigenvalue spectrum as a
function of the detuning for the case a = .3λ and Ω = .2.
The dotted lines show the uncoupled (Ω = 0) eigenval-
ues. The shifts in the asymptotic values of the energy
levels from the bare trap spectrum (νn = 2n) are due to
the presence of s-wave collisions. The asymptotic state
at ≈ −.7 is the bound state of the ’open’ channel, which
is an eigenstate of the trap plus pseudo-potential system.
In the strong coupling regime, defined as Ω2 ≫ 1,
the width of the resonance is much larger than the trap
level-spacing, hence many levels can be resonant simul-
taneously. Thus the low-lying levels all lie very close
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FIG. 3: Effective scattering length, aeff , (solid line) and
molecular fraction, |cn|
2, (dashed line) as the detuning, δ, is
swept across resonance. Figures 3a and 3b show the cases
n = 1 and n = 2, respectively, for the case Ω = .2 and a = .3.
Figures 3c and 3d show n = 0 and n = 1 for Ω = 1 and a = 0,
while figures 3e and 3f show n = 0 and n = 1 for the case
Ω = 10 and a = 0. The vertical dotted lines mark the location
of the resonance, while the horizontal dotted lines correspond
to the analytical result for |cn|
2 given by Eq. (22).
to their on-resonance values of νn = 2n − 1. This is
illustrated in Figure 2, which shows the eigenvalue spec-
trum as a function of detuning for the case Ω = 10 and
a = 0. In this regime Eq. (22) is a good estimate for
the molecular fraction, showing that the molecular am-
plitude decreases dramatically with increasing coupling
strength. To understand this effect, we simply make
the reasonable assumption that in the strong-coupling
limit all quasi-resonant levels are mixed with equal am-
plitudes. For Ω2 ≫ 1, the number of near resonant levels
is Nlevels ≈ Ω2. If we equate the probability for any
given bare-state to the total probability divided by the
approximate number of levels we arrive at |c|2 ≈ 1/Ω2,
which agrees well with Eq. (22).
In Figure 3 we plot aeff and |cn|2 versus detuning for
several cases of interest. In Figs 3a and 3b we show the
weak-coupling case Ω = .2 and a = .3 for levels n = 1
and n = 2 respectively. The n = 1 case shows a sweep
(right to left) from the lowest ‘unbound’ state into the
bound state in the ‘open’ channel. The n = 2 case shows
a transfer from one ‘unbound’ state to another. As the
level is swept through resonance we see a broad feature
in the molecular fraction |cn|2, whose maximum value
is slightly larger than the on-resonance value (22) and
occurs to the right of the resonance. Figures 3c and 3d
show the intermediate case Ω = 1 and a = 0 for levels
n = 0 and n = 1. We see in the n = 1 case that the
molecular fraction is significantly reduced compared to
the weak-coupling regime. Lastly, in Figures 3e and 3f we
see the strong-coupling case Ω = 10 and a = 0, for levels
n = 0 and n = 1. We see that in the strong coupling
regime, the scattering length can be tuned from −∞ to
+∞, with a negligible bare-molecular component.
In conclusion, we see that the effects of pair-
correlations play a major role in atom-molecule coupling,
resulting in the appearance of a 1/r singularity in the
relative wavefunction together with a corresponding de-
crease in the bare-molecule population. This suggests
that for molecule formation it is best to have a weak cou-
pling, while for manipulation of atomic interactions, e.g.
for BCS pairing of fermions [15, 16], a strong coupling
will remove the corresponding bare-molecule population.
In FR the free-space coupling strength is predetermined
by atomic properties, hence Ω can only be increased by
decreasing the trap size. In PA, however, the coupling
strength is readily increased by increasing the laser inten-
sity. This suggests that laser-induced photoassociation
may have a significant advantage over Feshbach Reso-
nance for tuning atom-atom interactions.
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